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Abstract

In a systematic approach we address the question of how important variable property effects are for flows in micro-sized channels. Due to heat
transfer, the temperature dependence of fluid properties like viscosity and thermal conductivity results in deviations in a solution which accounts
for that dependence compared to a solution only considering constant fluid properties. Compared to flows through macro-sized geometries, it
turns out that two distinct scaling effects lead to a strong influence of variable fluid properties in micro-sized channels; Reynolds numbers are
Re = 0O(1) and not large, and axial temperature gradients are no longer small. These scaling effects can be identified after the basic equations are
nondimensionalized properly. Examples are given in which Nusselt numbers differ by up to 30% depending on how the property behaviour is

accounted for.
© 2006 Elsevier SAS. All rights reserved.
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1. Introduction

The influence of variable properties on momentum and heat
transfer has been extensively studied for various kinds of flows
in the past and correction formulae have frequently been de-
rived that can correct results gained under the assumption of
constant properties. Methods like the property ratio method or
the reference temperature method are two examples in which
a constant property result in terms of a friction coefficient f,
or a Nusselt number Nu, (cp: constant properties) is a poste-
riori corrected to account for the influence of temperature- or
pressure-dependent physical properties. For an overview with
respect to this kind of approach, see Kays and Crawford [1].
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All these methods assume that the influence of variable prop-
erties is small in some sense. Under this assumption it can be
accounted for by corrections that are linear in nature. For exam-
ple, the property ratio method in which the constant property
result is multiplied by a ratio of some property at different tem-
peratures taken to some power. For for example, (1%, /i can)"
is linear in nature as long as the exponent is a constant (for
details Ref. e.g. Schlichting and Gersten [2]). A method that ex-
plicitly exploits this linearity of the problem with respect to the
influence of variable properties is the asymptotic method that
treats the influence of variable properties as a regular perturba-
tion problem (Ref. Herwig [3] and Herwig [4] for details). Since
for laminar flows this method is completely analytical and the
results are exact in the framework of the underlying assump-
tions, it is convenient to expect them as “direct candidates” for
application to micro flows (which in most cases are laminar).

However, it turns out that the situation in micro flow systems
is special and different from what is usually found in macro
flows. Therefore, a special treatment of the problem of variable
properties in micro devices is mandatory. What is so special
will be outlined in the following chapter. There is a dearth of
investigations that report conceptual understanding of micro
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Nomenclature
Notes
quantities with a star (*) are dimensional quantities,
nondimensional quantities according to Table 3
Symbol description
A* cross sectional area......................... m?
B* constantin Eq. (8) . ...t K
* : -1 -1
c spec. heat capacity.................. Jkg=' K
D* diameter ..ot m
k* thermal conductivity ............... Wm™ ! K™!
L* tubelength . ............ ... i m
m* mass flowrate .......................... kgs™!
Nu Nusselt number
p* PIESSUTE . oot et et et eeeeaeaennns Nm—2
p* PUMPING POWET . . v evee et e aeaeaenes W
o* heat flux........ ... .. i w

qn wall heat flux density ................... Wm™?
Qv = LRYKNT T

r* radial coordinate ............... ... ... ... ... m
Re Reynolds number

S* heat transfer surface ........................ m?
T* tEMPETatlre . . . ..o vvv et et e e eeeennanss K
u*,v*  velocity components..................... ms~!
x* axial coordinate.......................ou.... m
X =x*/D*

w* VISCOSILY « o v ve v kgm~!s™!
Subscripts

m mean

0 oncoming

r reference

w wall

flow convection, considering additional identified mechanisms,
which increasingly surface towards the microscale. It is only
recently that Mahulikar et al. [5] numerically demonstrated the
significance of induced radial flow and radial convection due to
steep density gradients in continuum-based laminar gas micro
flow convection. In another recent investigation Mahulikar and
Herwig [6] theoretically demonstrated the increasing signifi-
cance of induced radial flow and radial convection due to fluid
thermal conductivity variations along the flow. In the follow-
ing sections, the answer/s to the question, “What is so special
about fluid property variations in laminar micro flows?” will be
outlined.

2. Heat transfer with micro tubes

The special properties associated with heat transfer in micro
tubes can best be seen when typical heat transfer situations are
compared for micro and macro dimensions.

Hence a comparison is made on how a certain laminar flow
with a unique mass flux per cross sectional area, m*/A*, in
a tube or channel that is heated from 7* to T* 4+ AT™* by a con-
stant and unique wall heat flux density ¢;;. The pumping power
required is P* = ’Z—: g)’z: L* so that P*/m* = ﬁ—: g)’:z holds when
L* is the length of the tube.

It then would just take a large number of micro tubes to have
the same mass flux m* as in one macro tube. The crucial differ-
ence between both cases (micro and macro) is the much higher
surface area per length of the tube(s), $*/L*, of the bundle of
micro tubes compared to the one macro tube.

Table 1

Since order of magnitude estimations are of interest, we as-
sume fully developed flow and temperature profiles and minor
differences that probably will exist can be neglected. Assum-
ing the same friction and heat transfer laws for both cases the
following relations are used:

_ (—dp*/dx*)D* _ 64

(0*/2u;r Re o
_ (=gu)D*

The mean velocity u}, is the same for both cases due to the
assumption m*/A* = const. Therefore

_ pruy DY dp* 1

Re w* ? dx* ~ D*Z;

(15— 1) ~ D"

Here ~ means “of the order of”. Since ¢ = Q% /S* =
const and the surface area is S* = w D*L*, we have Q?L ~
D*L*. With Qﬁ) =m*c, AT (energy balance), AT* = const,
m*/A* = const and A* ~ D*?, finally L* ~ D*.

Since ¢;;, = const (with the same constant for the micro and
macro cases) there is homogeneous heating downstream of the
inlet, i.e. dT*/dx* = const, i.e. dT*/dx* = AT*/L* ~ 1/D*,
since AT* = const and L* ~ D*.

In Table 1 the order of magnitude estimations in the limit
D* — 0 are summarized. For the analysis of the influence of
variable properties in micro flow situations in contrast to those
for macro flows, i.e. when going from macro to micro scales,

three aspects are important and are marked by a grey shading in
Table 1.

Diameter dependence (D* — 0) for tubes with ¢;;, = const and 71*/A* = const note: the specific pumping power is P*/m* ~1/D*

Reynolds number Pressure gradient

Temperature gradient

Necessary tube length Cross section temp. diff.

Re ~ D* dp* Jdx* ~ 1/ D*?

aT*/ax* ~ 1/D*

L* ~ D* (T3 = T;) ~ D*
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(1) Reynolds numbers are small (Re ~ D*). That is why mi-
cro flows almost always are laminar. Conventional meth-
ods to account for variable property effects assume large
Reynolds numbers, however.

(2) Axial temperature gradients are large (d7*/dx* ~ 1/D*).
Consequently, a constant property solution cannot be
a good approximation over an appreciable downstream
length AL*.

(3) Cross sectional temperature differences are small (7, —
T») ~ D*). In macro flow situations, there is an apprecia-
ble temperature difference over the cross section and a very
small one over finite axial distances AL*. In micro flow
situations this is vice versa, or at least both are of equal
importance. Since for ¢, = k*(dT*/dr*),, = const the ra-
dial temperature gradient is independent of D*, we find
(0T*/9x*)/(@T*/dr*) ~ 1/D*, i.e. the axial temperature
gradient becomes more and more important when D* gets
smaller (D* — 0).

These special features in micro flow devices give rise to
the so-called scaling effects which becomes obvious when the
problem is treated systematically by a dimensional analysis ap-
proach as shown next.

3. Nondimensional basic equations

Since this study is restricted to incompressible flow, prop-
erty variations may occur due to the temperature and pressure
dependence of u* (viscosity), k* (thermal conductivity) and c;
(specific heat capacity). Taking water as a typical fluid, it turns
out that the pressure dependence for all three properties is very
small and that the temperature dependence of ¢}, is almost neg-
ligible. This follows from the sensitivity coefficients

K T* da™ P p* oa* 3
“T_<a* aT*)T,’ “P_<a* 3P*)p, ©)

For o™ = u*, k*, c; their numerical values at the reference
temperature 7" =293 K and the reference pressure p; =1 bar
are shown in Table 2.

With w*(T*) and k*(T*) as the most prominent and impor-
tant property variations, the basic equations for momentum and
heat transfer in a tube are provided in a nondimensional form
(according to Table 3). These equations are for those flows that
are not a priori assumed to be fully developed but undergo cer-
tain changes due to a changing geometry or due to heat transfer,
for example.

continuity equation:

du 1d(rv)

=+ =0 “)
ox r Or

Table 2

Sensitivity coefficients for water at 7;* =293 K, p = 1 bar data from Gersten
and Herwig [7]

K;LT Kir Ker K/J,p Kkp Kr.'p
-7.13 0.82 —0.05 —3x1074 8 x 1075 —6x 1073

X-momentum:

ou n ou ap n 10 ou n 1 9 au 5)
U—+v—=—"+-——|(rpu— — | p—
X ar ax " roar\Mor Re? 0x Hax

r-momentum:

1 dv n ov
— u= 0=
Re2\ ox or

SN EYPET Y ) B
T 9r  ReX|or\ror v ax Max

thermal energy (without viscous dissipation):

aT aT 119 k oT 1 9 r aT 7
u8x+var_Prr8r<r 8r>+PrRe28x< 8x> ™

Eqgs. (4)—(6) are the full Navier—Stokes equations but with
a special nondimensionalization which is appropriate for slen-
der channels (Gersten and Herwig [7]). For high Reynolds num-
bers all terms that are multiplied by 1/Re® can be neglected
leaving the so-called slender channel equations. In this case the
r-momentum equation reduces to dp/dr = O and is no longer
accounted for.

Pipe flow in macro dimensions is usually treated as a high
Reynolds number flow, so the slender channel equations are
appropriate. For micro flows, however, the Reynolds number
is a first-order quantity and 1/Re?® is not small! Therefore, if
Re =~ 1 and the flow is not assumed to be fully developed a pri-
ori, the full Navier—Stokes equations have to be considered.
Only when Reynolds numbers are well above Re ~ 1 one might
take the slender channel equations into consideration for flows
in micro-sized devices.

As far as variable property effects are concerned, Table 4
shows various degrees to which they can be accounted for in
conventional macro flows. Here the example of temperature de-
pendent viscosity u*(T*) is illustrated. The different levels of
accuracy, i.e. the different models, are

Table 3
Nondimensional slender channel variables; Re = pjiu}; R* /ik; R* = D*/2

X

~
=

v

x* r* u* v*Re
R*Re R 53 5
)4 JZ k T
P —p; wr K I+
piui? “o ks Tiio

*: dimensional quantity
o: reference state

Table 4
Models to account for variable property effects in macro flow situations, here
illustrated for u = u(T) ; ¥ = x*/D*

Ju-variations accounted for Model to account for w(7")

- (I) constant properties

g—’; (II) quasi-constant properties

g—’;, ?j_l: > g—g (IIT) weakly variable properties, perturbation
approach (linear)

g_/;, ‘3_’: ~ ‘g_’é (IV) strongly variable properties, fully coupled

problem (non-linear)
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(D) Constant properties: There is assumed to be one single
value for a property in the entire flow field.

(IT) Quasi-constant properties: The problem is treated like the
constant property case, but with property values according
to the mean temperature at position X. Then, large but
slow changes of the mean temperature can be accounted
for with ¢ = const acting on very long pipes.

(IIT) Weakly variable properties: In a perturbation approach,
the dominating influence of radial property variations can
be accounted for and can be combined with the axial vari-
ations by assuming the quasi-constant property case as the
basic case that has to be perturbed (see Herwig [4] for de-
tails).

(IV) Strongly variable properties: If properties change equally
strongly in both directions, radially and axially, and these
changes are not “small”, the fully coupled equations have
to be solved. Here “not small” means that the tempera-
ture field is influenced not only by the variation of those
properties that appear in the energy equation (i.e. by k
and cp), but also by the modifications of the flow field
due to variations of p and p (which are determined by
the comprehensive forms of the momentum and continu-
ity equations, respectively).

As elucidated in the previous chapter, heat transfer in micro
tubes due to their large axial temperature gradients have to be
accounted for by method IV unless the overall heat transfer rate
is so small that the influence of variable properties is negligible.

To summarize: From the point of view of dimensional analy-
sis there are two scaling effects in connection with the variable
property influence when scales are changed from macro to mi-
cro dimensions (scaling effects: effects that gain (or lose) influ-
ence when the geometrical scales of a problem are changed by
orders of magnitude):

e The Reynolds number becomes an O(1) quantity so that all
those effects become important that can be neglected for
Re — 0.

e Axial temperature gradients are no longer small.

In the next section an example is given in which both scaling
effects are accounted for.

4. Heat transfer with variable x and &

Fig. 1 shows the heat transfer situation that was selected
to demonstrate the influence of variable properties on the heat
transfer performance of a micro pipe. The fluid is water with
the viscosity and thermal conductivity relations

T*\" B*
* Ty = 5 2= 2z
. T o (Tr*> exp[T* - Tr*:| ®)

with: = 1.005 x 1073 kg m~! s~! and the constants n = 8.9,
B*=4700 K

k*(T*) = (=1.51721 +0.0151476| T*| — 3.5035 x 107> |T*|?
+2.74269 x 10~¥|T*) Wm ™! K~! 9)

oW
IRETNE RN
—X*
(ln L A A A A 4 A A A LA Ao
JL L* = 50D* J
constart variable properties

properties

Fig. 1. Changing the theoretical model from “constant properties” (model I) to
“strongly variable properties” (model IV) at ¥ = x*/D* = 0; D* = 100 um.

taken from Sherman [8] and Holman [9], respectively. The
model situation chosen shows the influence of variable prop-
erties on the solution of the basic equations by “switching on”
variable properties at x* = 0. This situation, though somewhat
unrealistic, can clearly reveal the role played by variable fluid
properties. Specific results of that kind, therefore, cannot be
adopted immediately for real flow situations. They can, how-
ever, be used to get a clear picture of what has to be expected
when variable property effects are accounted for in a heat trans-
fer analysis of micro flow problems. At the end of this chapter,
an example for a real flow situation is given.

Due to the constant property behaviour for X < 0 the initial
conditions at X = 0 are

u=2(1-r? (10)

for the flow, and

T=1 '<2 i 7>' Nu=2 _436 (11)

S\ oy T e TS
for the temperature profile. The Nusselt number at X = 0 in this
situation is the well known value of Nu=48/11.

For x > 0 variable property effects “set in” and the Nusselt
number changes with X as shown in Fig. 2. Numerical calcula-
tions have been performed with the CFD code CFX-4.4 which
for this investigation solves Eqs. (4)—(7) subject to the inlet
boundary conditions (10) and (11). For details of the numeri-
cal solution see Mahulikar et al. [10].

For ¢ > 0 the flow is heated, and for ¢, < 0 it is cooled.
With |g] < 30 W cm~2 the water neither boils nor freezes at
the pipe exit (X = 50). For small values of |g;;| the heating and
cooling cases are almost symmetrical around g, = 0. For larger
values of |g;| this symmetry ceases to exist due to the highly
non-linear character of this heat transfer situation. Nusselt num-
ber deviations (ANucp) = (Nu— Nucp) /Nuc, with respect to the
constant property case are up to 10%. With higher heat transfer
rates, covering the whole temperature range between freezing
and boiling of water, ANu,, values as high as 28% may occur
(Ref. Mahulikar et al. [10]).

Regarding the flow field, it turns out that the radial veloc-
ity v, though small compared to the axial velocity (and com-
pletely neglected for Re — 00), plays an important role. This
is due to the fact that v is multiplied by a7 /9dr (which may
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Fig. 2. Downstream development of the Nusselt number when variable proper-
ties are “switched on” (model IV, see Table 4) at X = 0 in an oncoming fully
developed pipe flow with Re = 75 water with T}, =323 K (50°C ) at ¥ =0
(centerline temperature) ANucp = (Nu — Nucp) [Nucp.

be large in a micro pipe flow) in the thermal energy equation.
Hence the ratio

1 1
aT T
/vaym/fuﬁgm (12)
0 0

which is the ratio of radial to axial heat advection, is of order
O(1), i.e. not asymptotically small as it would be for Re — oo.
As a consequence, there exists an appreciable length over which
the flow develops under the influence of an imposed heat trans-
fer [10].

To show how strong these effects are in real flow situations,
Fig. 3 shows the entrance region of a heated pipe. Velocity and
temperature at X = 0 now are constant across the entrance cross
section, which leads to high values of the Nusselt number for
small values of X with Nu — oo for X — 0. Fig. 3 shows that
there is a strong influence of variable properties “activated” by
different heating rates ¢ . For example, the Nusselt number at
the pipe exit (X = 50) for ¢ = 200 Wem™2 is almost 30%
higher than the value which a constant property solution (which
is independent of g;;) would predict.

5. Conclusions

While variable property effects in pipe and channel flows
through macro-sized conduits are often of minor importance,
they have a strong influence in micro-sized pipe and channel
geometries. This increased importance of considering the tem-
perature dependence of physical properties when heat transfer
occurs is due to scaling effects with respect to different orders

6.5

6.0 —

515

5.0 —

815

10 W/em?
1 W/cm?

4.5 —

U WO N =

% =x'/D

Fig. 3. Nusselt number results for different heating rates ¢;; in a hydrodynami-
cally and thermally developing pipe flow of water; Re =75, T(;k =278K(5°C)
---- constant properties (model I, see Table 4)

—— variable properties (model IV).

of magnitude of the Reynolds number and the axial temperature
gradient. When characteristic lengths are changed from macro
to micro size constant property results are always only approx-
imations. For micro flows with high heat transfer rates these
approximations are obviously very crude.

Acknowledgement

The authors appreciate the support by the Alexander von
Humboldt Foundation, Germany.

References

[1] WM. Kays, M.E. Crawford, Convective Heat and Mass Transfer,
McGraw-Hill, New York, 1993.

[2] H. Schlichting, K. Gersten, Boundary Layer Theory, Springer, Berlin,
2000.

[3] H. Herwig, A regular perturbation procedure to account for variable prop-
erty effects in momentum and heat transfer, Z. Angew. Math. Mech.
(ZAMM) 4 (1986) T217-T218.

[4] H. Herwig, The effect of variable properties on momentum and heat trans-
fer in a tube with constant heat flux across the wall, Int. J. Heat Mass
Transfer 28 (1985) 423-431.

[5] S.P. Mahulikar, H. Herwig, O. Hausner, F. Kock, Laminar gas micro-
flow convection characteristics due to steep density gradients, Europhys.
Lett. 68 (2004) 811-817.

[6] S.P. Mahulikar, H. Herwig, Theoretical investigation of scaling effects
from macro-to-microscale convection due to variations in incompressible
fluid properties, Appl. Phys. Lett. 86 (1-3) (2005) 014105.

[7]1 K. Gersten, H. Herwig, Stromungsmechanik, Vieweg, Braunschweig,
1992.

[8] E.S. Sherman, Viscous Flow, McGraw-Hill, New York, 1990.

[9] J.P. Holman, Heat Transfer, seventh ed., McGraw-Hill, New York, 1990.

[10] S.P. Mahulikar, H. Herwig, O. Hausner, F. Kock, Numerical identification
of induced radial flow and scaling effects in laminar micro-flows due to
incompressible fluid property variations, in preparation.



